Confidence Intervals

= The problem
» How large are the error bounds when
we use data from a sample to estimate
parameters of the underlying population?

= Compute conﬂdence intervals for U
» When O' is known
» wWhen O’ iS unknown



Confidence Intervals

Precision

“the range of values in which we can be 95%
certain that the “true value” lies”

— If a RCT is repeated many times you will get many
different results

— these results should cluster around the “true result
— the range of results is the confidence interval

large samples produce narrow confidence
intervals

narrow confidence intervals are precise
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Our aim

Suppose an estimate e.g. an
estimate for the mean Xis given

|

We want to describe the
precision of the estimate

|

We do this by giving a range of likely values
for the parameter.
Such a range is called confidence interval.




What is meant by “likely” ?

Suppose we have Z ~ N(0,1)

Then we can find c such that
P(-c<Z<c¢)=0.95

From table 3 “Critical values for the standard normal
distribution” we find: ¢ =1.96

95% of the standard normal
observations are between —1.96
and 1.96: these are “likely” values.
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Confidence intervals for ,U when s
o known

We apply this concept to the Sampling Distribution of X

Recall: )?N (,u,azln) hence ;(/_\/’% ~ IN(0,1)

exactly true for normal data
otherwise approximately true when n>30 by CLT

X— U
Hence, P(—-1.96 < <1.96) =0.95
( o /4N )

Or, by rearranging
P(u—1.96

2 x< ,u+1.96i) = 0.95
n

Vn vn



Confidence intervals for
when o “is known II

Hence, 95% of the sample mean X are between 1 +1.96 —

/ Vn

However: do not know u

An alternative re-arrangement of the formula on the

previous sllde(glvels96 o o6 )
X —, X+ —
Jn’ Jn

is @ 95% confidence interval for u

We say we are 95% confident that the interval contains £/



Example

Suppose we know 5?2 — (1 /3)2 for a given set of normal
data of size =59 and sample mean ¥ = §3.59

Then a 95% confidence interval for [/ is given by

O O
X—-1.96—, X +1.96 —
(X N \m)
e 6359+196x—1> _ (63.505, 63.675)
V59

i.e. we are 95% confident that the true parameter [/
is contained in the interval (63.505, 63.675)




Confidence coefficient

We found a 95% confidence interval for the parameter //
hence, 95% of all confidence intervals will contain £/

95% is called the confidence coefficient

... other common choices are 90%, 99% etc

Let’s have a look at the general case of a
‘ %100x (1— ) confidence interval

for U with known o 2




The general case

A 100x(1—a)% conﬂdence interval
for u with known & “is given by

X+Z

o
al?2 ﬁ’ al?2 ﬁ)
WhereZ ,, depends on the confidence coefficient and is
gvenbdy piz sz Y=qal?

(X-Z

We can read the values
from the Z score Table




Reading the critical values from the
table

Let us try to read the values for Z ,, from Table 3...

For a 95% confidence interval:

¢=005 /2=0025 = Z,, =1.96

For a 90% confidence interval:

a=01 «a/2=005 = Z,,=1.65

For a 99% confidence interval:

¢=001 @/2=0005 = Z, . =2.58
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Remark

As smaller we choose ¢y as ‘'more confident’ we
get that the interval contains the parameter [/,
But at the same time the confidence interval
gets wider and is therefore less precise.




The t-distribution

This question was addressed in 1908 when W.S. Gosset
found that if we replace o with the sample standard
deviation s, the distribution becomes a t-distribution. If

X—u
T:
s//n

then T has a t-distribution with n-1 degrees of freedom. The
t-distribution is similar to the z-curve in that it is bell shaped,
but the shape of the t-distribution changes with the degrees of
freedom.

We will use the T-tables to get the critical t-values at different
levels of a and degrees of freedom.




Properties of the t-distribution

a) Continuous and symmetric around 0

b) The shape of the t-distribution changes with the degrees of
freedom. The t-distribution has heavier tails than the normal
distribution.

c) t-distributions are indexed by the number of degrees of
freedom. Example t(36) refers to a t-distribution with 36
degrees of freedom

d) As the number of degrees of freedom
Increases, the t-distribution approaches the
standard normal distribution

13



Notation:

t(DF,a ) = reads “t of alpha with DF degrees of freedom”.

It is the value of t(DF) with P(t(DF) > t) = a

Reading the t-table:
eRows represent t values for a given DF

eColumns represent t values for a given o.
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P-values

“a statistical value that indicates the probability that
the observed results are due to chance alone”

benchmark of confidence in a result

“the result was significant at p<0.05”

— we could expect the observed result to occur by chance
no more than 5 times in every 100

— thereis a 1:20 probability of this result occurring by
chance

— p<0.05 is arbitrary statistical significance

— statistical significance does not of necessity mean clinical
significance



¢ Distribution

&
005 01 025 05 .10 25
Degrecs (onc tail) (one tail) (one 1ail) {one ail) (one 1ail) {one tail)
of .01 02 05 A0 20 S0
freedom (1wo tails) {two tails) (1wo tails) (two talls) (two tails) (two 1ails)
1 63657 31821 12706 ° 6.314 3078 1,000
2 9925 6965 4,303 2920 1586 216
3 5331 4541 3.182 2353 1.638 765
B 4604 3747 2174 2.132 1.533 741
5 4032 3.365 25717 2015 13476 727
& 3707 3,143 2447 1543 1340 718
7 3500 2998 23485 1395 141S o1t
b 3Aass 235%6 2.306 1360 L3%7 706
° 3250 2821 2262 1233 1383 703
10 3169 2765 2228 1812 L3%2 700
1 3.106 2718 2201 1.796.. 1.363 £97
12 3.054 =631 2179 1.782 1356 LH96
13 3012 2650 2.160 1.771 1.350 S99
14 2977 2,625 2345 1.761 13485 S92
15 25947 2.602 2.132 1.753 1341 491
16 2921 2284 2.120 1.746 1337 590
17 2398 25867 2.110 1.740 1333 539
18 2378 2552 2.101 1.734 1330 538
19 2361 2540 2093 1.729 1328 533
20 23545 2528 *056 1.725 1325 H37
21 2331 2518 2030 1.721 1323 636
22 2319 2508 2074 1217 1321 £36
23 2307 2.500 2069 1714 1320 438
24 2797 2492 2063 1 1318 £85
25 2787 2455 2080 1.708 1316 L34
25 27379 2479 2056 1.706 131% L84
27 2371 2473 2052 1.703 1.314 £24
28 2763 2.467 2043 1.701 1313 £33
9 2756 2462 2045 1699 1.311 A83
Large (2) 25735 2327 1,980 1645 1282 LTS




t-table Probability, p
Degrees of Freedom 0.1 0.05 0.01 0.001
1 6.31 12.71 63.66 636.62
2 2.92 4.30 9.93 31.60
3 2.35 3.18 5.84 12.92
4 2.13 2.78 4.60 8.61
5 2.02 2.57 4.03 6.87
6 1.94 2.45 3.71 5.96
7 1.89 2.37 3.50 5.41
8 1.86 2.31 3.36 5.04
9 1.83 2.26 3.25 4.78
10 1.81 2.23 3.17 4.59
11 1.80 2.20 3.11 4.44
12 1.78 2.18 3.06 4.32
13 1.77 2.16 3.01 4.22
14 1.76 2.14 2.98 4.14
15 1.75 2.13 2.95 4.07
16 1.75 2.12 2.92 4.02
17 1.74 2.11 2.90 3.97
18 1.73 2.10 2.88 3.92
19 1.73 2.09 2.86 3.88
20 1.72 2.09 2.85 3.85
21 1.72 2.08 2.83 3.82
22 1.72 2.07 2.82 3.79
23 1.71 2.07 2.82 3.77
24 1.71 2.06 2.80 3.75
25 1.71 2.06 2.79 3.73
26 1.71 2.06 2.78 3.71
27 1.70 2.05 2.77 3.69
28 1.70 2.05 2.76 3.67
29 1.70 2.05 2.76 3.66
30 1.70 2.04 2.75 3.65
40 1.68 2.02 2.70 3.55
60 1.67 2.00 2.66 3.46
120 1.66 1.98 2.62 3.37
infinity 1.65 1.96 2.58 3.29 '/
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The table gives the cumulative probability

up to the standardised normal value z

i.e. z
1 exp(-%2Z2?) dz
P[ Z <z ]= S2x

0.00 0.01 0.02 0.03

0.5000 0.5040 0.5080 0.5120
0.5398 0.5438 0.5478 0.5517
0.5733 0.5832 0.5871 0.5910
0.6179 0.6217 0.6255 0.6293
0.6554 0.6591 0.6628 0.6664

0.6915 0.6950 0.6985 0.7019
0.7257 0.72921 0.7324 0.7357
0.7580 0.7611 0.7642 0.7673
0.7881 0.7910 0.793¢9 0.7967
6.8159 0.8186 0.8212 0.8238

0.8413 0.8438 0.8461 0.8485
0.8643 0.8665 0.8686 0.8708
0.8849 0.8869 0.8888 0.8907
0.9032 0.9049 0.9066 0.9082
0.9192 0.9207 0.9222 0.9236

0.9332 0.9345 0.9357 0.9370
0.9452 0.9463 0.9474 0.9484
0.9554 0.9564 0.9573 0.9582
0.9641 0.9649 0.9656 0.9664
0.9713 0.9719 0.9726 0.9732

0.9773 0.9778 0.9783 0.9788
0.9821 0.9826 0.9830 0.9834
0.9861 0.9865 0.9868 0.9871
0.9893 0.9896 0.9898 0.9901
0.9918 0.9920 0.9922 0.9924

0.9938 0.9940 0.9941 0.9943
0.9953 0.9955 0.9956 0.9957
0.9965 0.9966 0.9967 0.9968
0.9974 0.9975 0.9976 0.9977
0.9981 0.9982 0.9982 0.9983

3.00 3.10 3.20 3.30
0.9986 0.9990 0.9993 0.9995

i~

P[ 2 <z )

2

0.04

0.5159
0.5557
C.5948
0.6331
0.6700

0.7054
0.7389
0.7704
0.7995
0.8264

0.8508
0.872%
0.8925
0.%09%
0.9251

0.9382
0.9495
0.9591
0.9671
0.9738

0.9793
0.9838
0.9874
0.9904
0.9927

0.9945
0.9959
0.9969
0.9977
0.9984

3.40
0.9997

0.05

0.519%
0.5596
0.5987
0.6368
0.6736

0.7088
0.7422
0.7734
0.8023
0.8289

0.8531
0.8749
0.8944
0.9115
0.9265

0.9394
0.9505
0.9599
0.9678
0.9744

0.9798
0.9842
0.9878
0.9906
0.9929

0.9946
0.9960
0.9970
0.9978
0.9984

3.50
0.9998

0.06

0.5239
0.5636
0.6026
0.6406
0.6772

0.7123
0.7454
0.7764
0.8051
0.8315

0.8554
0.8770
0.8962
0.9131
0.9279

0.9406
0.9515
0.9608
0.9686
0.9750

0.9803
0.9846
0.9881
0.9909
0.9931

0.9948
0.9961
0.9971
0.9979
0.9985

3.60
0.9998

o

0.07

0.5279
0.5675
0.6064
0.6443
0.6808

0.7157
0.7486
0.7794
0.8078
0.8340

0.8577
0.8790
0.8980
0.9147
0.9292

0.9418
0.9525
0.9616
0.9693
0.9756

0.9808
0.9850
0.9884
0.9911
0.9932

0.9949
0.9962
0.9972
0.9980
0.9985

3.70
0.9999

z
0.08

0.5319
0.5714
0.6103
0.6480
0.6844

0.7190
0.7517
0.7823
0.8106
0.8365

0.8599
0.8804
0.8997
0.9162
0.9306

0.9429
0.9535
0.9625
0.9699
0.9761

0.9812
0.9854
0.9887
0.9913
0.9934

0.9951
0.9963
0.9973
0.9980
0.9986

3.80
0.9999

0.09

0.5359
0.5753
0.6141
0.6517
0.6879

0.7224
0.7549
0.7854
0.8133
0.8389

0.8621
0.8830
0.9015
0.9177
0.9319

0.9441
0.9545
0.9633
0.9706
0.9767

0.9817
0.9857
0.9890
0.9916
0.9936

0.9952
0.9964
0.9974
0.9981
0.998¢6

1.0608°



