
Confidence Intervals

 The problem

 How large are the error bounds when 

we use data from a sample to estimate 

parameters of the underlying population?

 Compute confidence intervals for

 when       is known

 when       is unknown


2
2
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Confidence Intervals
• Precision

• “the range of values in which we can be 95% 
certain that the “true value” lies”
– If a RCT is repeated many times you will get many 

different results

– these results should cluster around the “true result”

– the range of results is the confidence interval

• large samples produce narrow confidence 
intervals

• narrow confidence intervals are precise
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Our aim

Suppose an estimate e.g. an 
estimate for the mean    is givenx

We want to describe the 
precision of the estimate

We do this by giving a range of likely values 
for the parameter.

Such a range is called confidence interval. 3



What is meant by “likely” ?

Suppose we have Z ~ N(0,1)

Then we can find c such that 

95.0)(  cZcP

From table 3 “Critical values for the standard normal 
distribution” we find: 96.1c

0c c

95% of the standard normal 
observations are between –1.96 

and 1.96: these are “likely” values.
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Confidence intervals for     when     is 
known


2

We apply this concept to the Sampling Distribution of x

Recall: )/,( 2 nNx ~ hence )1,0(
/
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n
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


~
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



Or, by rearranging 

95.0)96.196.1( 
n

x
n

P







exactly true for normal data

otherwise approximately true when n>30 by CLT
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An alternative re-arrangement of the formula on the 
previous slide gives

)96.1,96.1(
n

x
n

x




is a 95% confidence interval for 

Confidence intervals for    
when     is known II


2

Hence, 95% of the sample mean    are betweenx
n


 96.1

However: do not know 

We say we are 95% confident that the interval contains 6



Example

Suppose we know                    for a given set of normal

data of size             and sample mean

 22 3/1

59n 59.63x

Then a 95% confidence interval for     is given by

)96.1,96.1(
n

x
n

x




59

3/1
96.159.63 i.e. )675.63,505.63(

i.e. we are 95% confident that the true parameter 
is contained in the interval )675.63,505.63(


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Confidence coefficient

We found a 95% confidence interval for the parameter
hence, 95% of all confidence intervals will contain




95% is called the confidence coefficient

… other common choices are 90%, 99% etc  

Let’s have a look at the general case of a                      
% confidence interval
for    with known

)1(100 
 2
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The general case

A                      %  confidence interval

for    with known      is given by
)1(100 

 2

),( 2/2/
n

Zx
n

Zx


 

Where       depends on the confidence coefficient and is 
given by

2/Z

2/)( 2/   ZZP

0

/2

2/Z

We can read the values 
from the Z score Table
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Reading the critical values from the 
table

Let us try to read the values for        from Table 3…
2/Z

For a 95% confidence interval:

96.1025.02/05.0 025.0  Z

For a 90% confidence interval:

65.105.02/1.0 05.0  Z

For a 99% confidence interval:

58.2005.02/01.0 005.0  Z
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Remark

As smaller we choose     as ‘more confident’ we 
get that the interval contains the parameter     . 
But at the same time the confidence interval 
gets wider and is therefore less precise.



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The t-distribution

This question was addressed in 1908 when W.S. Gosset
found that if we replace   with the sample standard 
deviation s, the distribution becomes a t-distribution. If 

then T has a t-distribution with n-1 degrees of freedom.  The 
t-distribution is similar to the z-curve in that it is bell shaped, 
but the shape of the t-distribution changes with the degrees of 
freedom. 
We will use the T-tables to get the critical t-values at different 
levels of  and degrees of freedom.

ns

x
T

/



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Properties of the t-distribution

a) Continuous and symmetric around 0
b) The shape of the t-distribution changes with the degrees of 

freedom. The t-distribution has heavier tails than the normal 
distribution.

c) t-distributions are indexed by the number of degrees of 
freedom. Example t(36) refers to a t-distribution with 36 
degrees of freedom

d) As the number of degrees of freedom 
increases, the t-distribution approaches the 
standard normal distribution
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Notation:
t(DF, ) = reads “t of alpha with DF degrees of freedom”.

It is the value of t(DF) with P(t(DF) > t) = 

0

Reading the t-table:

•Rows represent t values for a given DF

•Columns represent t values for a given .
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P-values

• “a statistical value that indicates the probability that 
the observed results are due to chance alone”

• benchmark of confidence in a result
• “the result was significant at p<0.05”

– we could expect the observed result to occur by chance 
no more than 5 times in every 100

– there is a 1:20 probability of this result occurring by 
chance

– p<0.05 is arbitrary statistical significance
– statistical significance does not of necessity mean clinical 

significance
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t-table
Degrees of Freedom

Probability, p

0.1 0.05 0.01 0.001
1 6.31 12.71 63.66 636.62

2 2.92 4.30 9.93 31.60

3 2.35 3.18 5.84 12.92

4 2.13 2.78 4.60 8.61

5 2.02 2.57 4.03 6.87

6 1.94 2.45 3.71 5.96

7 1.89 2.37 3.50 5.41

8 1.86 2.31 3.36 5.04

9 1.83 2.26 3.25 4.78

10 1.81 2.23 3.17 4.59

11 1.80 2.20 3.11 4.44

12 1.78 2.18 3.06 4.32

13 1.77 2.16 3.01 4.22

14 1.76 2.14 2.98 4.14

15 1.75 2.13 2.95 4.07

16 1.75 2.12 2.92 4.02

17 1.74 2.11 2.90 3.97

18 1.73 2.10 2.88 3.92

19 1.73 2.09 2.86 3.88

20 1.72 2.09 2.85 3.85

21 1.72 2.08 2.83 3.82

22 1.72 2.07 2.82 3.79

23 1.71 2.07 2.82 3.77

24 1.71 2.06 2.80 3.75

25 1.71 2.06 2.79 3.73

26 1.71 2.06 2.78 3.71

27 1.70 2.05 2.77 3.69

28 1.70 2.05 2.76 3.67

29 1.70 2.05 2.76 3.66

30 1.70 2.04 2.75 3.65

40 1.68 2.02 2.70 3.55

60 1.67 2.00 2.66 3.46

120 1.66 1.98 2.62 3.37

infinity 1.65 1.96 2.58 3.29
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